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Abstract. The spectral theorem of the linear 2D Euler operator in Sobolev 
spaces is presented as a corollary of the spectral theorem in £2 space in jlj. 
Study on the (dashed) line model introduced in |^ is continued. Specifically, 
invariant manifolds for the line model is established. The corresponding line 
model for 2D Navier-Stokes equation is also introduced. 



1. Introduction 

To understand the nature of turbulence, we select 2D Euler equation under 
periodic boundary condition as our primary example to study. 2D Navier-Stokes 
equation at high Reynolds number is regarded as a singularly perturbed 2D Euler 
equation. That is, we are interested in studying the zero viscosity limit problem. 

To begin an infinite dimensional dynamical system study, we consider a simple 
fixed point and study the spectrum of the linear 2D Euler operator in [Q. The 
spectral theorem in £2 space is proved. As a corollary of the spectral theorem in 
£2 space, we will present the spectral theorem in Sobolev spaces in this article. 
Sobolev spaces are of more interest to us, since we are interested in understanding 
the invariant manifolds of 2D Euler equation at the fixed point. The main obstacle 
toward proving the invariant manifold theorem is that the nonlinear term is non- 
Lipschitzian. In [§], a (dashed) line model is introduced to understand the invariant 
manifold structure of 2D Euler equation. At a special parameter value, the explicit 
expression of the invariant manifolds of the dashed line model can be calculated. 
The stable and unstable manifolds are two dimensional ellipsoidal surfaces, and 
together they form a lip-shape hyperbolic structure. Such structure appears to be 
robust with repsect to the parameter. In this article, we will prove the existence of 
invariant manifolds for the line model. 

Another more exciting development is the discovery of a Lax pair for 2D Euler 
equation [Q]. From the Lax pair, we have obtained a Darboux transformation 
for the 2D Euler equation [Q]. In principle, explicit expressions of the hyperbolic 
structures can be obtained from Darboux transformations [Hi . 



1991 Mathematics Subject Classification. Primary 76, 35; Secondary 34, 37. 
Key words and phrases. Euler equation, invariant manifold, line model, point spectrum, 
continuous spectrum. 



1 



©0000 (copyright holder) 



2 



YANGUANG (CHARLES) LI 



Hyperbolic structures are the source of chaos when the system is under per- 
turbations. The corresponding line model for 2D Navier-Stokes equation with tem- 
porally periodic forcing is a singular perturbation of the line model for 2D Euler 
equation. Numerical simulations on these line models are conducted. 

The article is organized as follows: In section 2, we present the spectral theorem 
in Sobolev spaces. In section 3, we present the invariant manifold result on the line 
model. In section 4, we introduce the corresponding line model for 2D Navier-Stokes 
equation. 

2. The Spectral Theorem of the Linear 2D Euler Operator in Sobolev 

Spaces 

Consider the 2D Euler equation in vorticity form 
(2-1) ^ + {*,^} = 0, 

where fi is the vorticity, \P is the stream function, f2 = A\&, A is the 2D Laplacian, 
and the bracket { , } is defined as 

{f,9} = (d x f)(d y g)-(d y f)(d x g) . 

Expanding into Fourier series, 

kez, 2 /{o} 

where tu-k — ^k , k = [k±, &2) T , and X = (x, y) T . The 2D Euler equation can be 
rewritten as 

(2.2) LU k = ^ A (P: q) U p UJ q , 

k=p+q 

where A(p, q) is given by, 

A{p,q) = ^[\q\- 2 - br 2 ](Pl92 - P2Ql) 

(2.3) 



^[\i\- 2 -\p[ 



Pl <?1 

P2 q-2 



where \q\ 2 = qf + q% for q = (gi,g 2 ) T , similarly for p. Denote {uJk}kei, 2 /{o} by w- 
We consider the simple fixed point lo*: 

(2.4) U ;=T, LO* k = 0, iffc^por -p, 

of the 2D Euler equation ( |2.2| ), where T is an arbitrary complex constant. The 
linearized two-dimensional Euler equation at lo* is given by, 

(2.5) iuk = A(p, k -p)T LOk-p + A(-p, k + p) f ia k + P ■ 

Definition 2.1 (Classes). For any k g Z 2 /{0}, we define the class £? to be 
the subset of Z 2 /{0}: 

H k = |fc + np e Z 2 /{0} n € Z, p is specified in j. 
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See Fig.jT] for an illustration of the classes. According to the classification defined in 
Definition the linearized two-dimensional Euler equation (2.E) decouples into 
infinitely many invariant subsystems: 



(2.6) 



J k+n P = a (p, k + {n- 1) P ) r u k+(n _ 1)p 

+ A{-p, k+(n + l)p) f uj- k+(n+1)p 



Let Ct be the linear operator defined by the right hand side of (2.6), and H 8 be 



(-P2,Pi) 




(P2,~PlY 



Figure 1. An illustration of the classes E? and the disk D\ p \. 



the Sobolev space where s > is an integer and H° = £2- 

Theorem 2.2. The eigenvalues of the linear operator Cf, in H s are of four 
types: real pairs (c,—c), purely imaginary pairs (id,— id), quadruples (±c±id), 
and zero eigenvalues. 

Proof. The same proof as in jl] works here. QED 
The eigenvalues can be computed through continued fractions 

Definition 2.3 (The Disk). The disk of radius \p\ in Z 2 /{0}, denoted by D\ p \, 
is defined as 



D, 



k e Z 2 /{0} 



1*1 < \P\ 



See FigJ^ for an illustration. 



Theorem 2.4 (The Spectral Theorem). We have the following claims on the 
spectrum of the linear operator : 



4 



YANGUANG (CHARLES) LI 



1. //EgR-Dipi = 0, then the entire H s spectrum of the linear operator is its 



continuous spectrum. See Figure 0, where b — — ^\T\\p\ 



Pi h 
Pi h 



That 



is, both the residual and the point spectra of are empty. 
2. If Er D -D| p | ^ 0, then the entire essential H s spectrum of the linear oper- 
ator is its continuous spectrum. That is, the residual spectrum of Ct is 
empty. The point spectrum of Lj, is symmetric with respect to both real and 
imaginary axes. See Figure [|. 

Proof. The same proof as in jlj can be carried through here for H s , with the 
following minor modifications: 

1. In the proof of Theorem VI. 1 on page 747 of simply replace the £2-norm 
by IP-norm. 

2. In the proof of Theorem VI. 3 on page 750 of jjj, the inner product ( , ) 
should still be an £2 inner product. 

3. In the proof of Theorem VI. 4 on page 751 of £\, £2, and £oo should be 
replaced by the Sobolev spaces W s ' , W s ' 2 (= H s in our notation), and 
W s,oc . In the expression (VI. 60) of /„ on page 753, one has 



n-l 



2\1 

(J + 2) s y J+2 1 



00 

■E 



where both I j^zrjjsjj+^y J an d I (j+2) 3 1 are bounded in n and j, and the 
Riesz convexity theorem can be applied. 
The proof of the theorem is completed. QED 

3. Invariant Manifolds of the Line Model 

To simplify our study, we study only the case when ujk is real, Vfc G Z 2 /{0}, 
i.e. we only study the cosine transform of the vorticity, 

£1 = u>k cos(fc • X) , 

fcSZ 2 /{0} 



and the 2D Euler equation (2.1) preserves the cosine transform. To further simplify 
our study, we will study a concrete line model based upon the fixed point with 
the mode p = (1, 1) T and parametrized by T. When F ^ 0, the fixed point has 4 
eigenvalues which form a quadruple. These four eigenvalues appear in the invariant 
linear subsystem labeled by k = (— 3, — 2) T . We computed the eigenvalues through 
continued fractions, one of them is jlj: 

(3.1) A = 2A/|r| = 0.24822302478255 + i 0.35172076526520 . 

See Figure [ij for an illustration. The essential spectrum (= continuous spectrum) 
of Cf, with k = (—3, — 2) T is the segment on the imaginary axis shown in Figure 
[|, where b = —\T. The essential spectrum (= continuous spectrum) of the linear 
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Figure 2. The spectrum of C- k in case (1). 
3{A} 
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Figure 3. The spectrum of £^ in case (2). 
2D Euler operator at this fixed point is the entire imaginary axis. The line model 
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k = (—3, — 2) T and p = (1, 1) T . See Figure [5] for an illustration of the modes in 
this model, which has the line nature leading to the name of the model. The line 
model is designed to model the hyperbolic structure in the neighborhood of the 
fixed point. For simplicity of presentation, we use the abbreviated notations, 

0J n = u~ k+np , An = A(p, k + np) , A mtn = A(k + mp, k + np) . 

The line model is, 

(j n = A n -iuj p uj n -i — A n+ iuj p uj n+ i , 



(3.2) 



w p — — A n —x jn u) n -iU) r , 



We also use to* to denote the fixed point of the line model {ui p = T; uj n — 0, Vn £ 
Z}. The linearized line model at the fixed point u>* is the same with the invariant 
subsystem (2.6) with k = (—3, — 2) T and p — (1, 1) T . In the neighborhood of the 



fixed point cj*, the line model can be rewritten as 
(3.3) w = Luj + Q(uj) , 

where 

lo = (u p , lu„ (n £ Z)) , 

[Lui] n — A n -iTuj n -i — A n+ iTui n+ i , 

[Luj] p = , 

[<2(w)]„ = A 

[Q(oj)] p = — ^ A n -l,nU n -lUn ■ 
n£Z 

The spectrum of L is given in Figure ^. We have 

Theorem 3.1 (Invariant Manifold Theorem). The line of fixed points u* parametrized 
by r of the line model has codimension 2 smooth center-unstable and center-stable 
manifolds, and codimension 4 smooth center manifold, in H s (s>l). 

Proof. The spectrum of L in H s (s > 1) is given in Figure |J. Q(ui) is quadratic 
in uj for H s (s > 1) is a Banach algebra. In a small neighborhood of lo* , the 
existence of smooth center-unstable, center-stable, and center manifolds follows 
from standard arguments. QED 



4. A Line Model for 2D Navier-Stokes Equation 

We consider the 2D Navier-Stokes equation with temporally periodic forcing, 
as a singular perturbation of the 2D Euler equation fl2.ip , 

(4.1) ^ + {^,n} = e[An + f(t,x,y)} , 

where e = 1/Re is the inverse of Reynolds number, and f(t,x,y) is periodic in t, 
periodic in x and y of period 2ir, and of spatial mean 0. The corresponding line 
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model is 
(4.2) 



ui n — A n -iu! p u n -i — A n+ iuj p uj n +i + e[—K n w n + f n (t)] , 



= : - > 4-l,nW»-lW„ + e[-n 2 p ujp + f p (t)] , 



nez 



where /„ and f p are periodic functions of t, and 

K n = \k + np\, K p = \p\, fc = (-3,-2) T , p=(l,l) T . 
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